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The product rule is used to differentiate an expression where one term is divided by another. This 

formula means that if we differentiate the value 
௨

௩
 then that will be equal to 𝑣 ×(derivative of 𝑢) -    

u ×(derivative of 𝑣)1 all divided by 𝑣ଶ. 
 

For example, if we have the expression 𝑦 =
௫ି଺

ଷ௫ିଵ
 and we want to differentiate this. 

 
We can say that 𝑢 = (𝑥 − 6) and 𝑣 = (3𝑥 − 1). 
So 
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Proof 

Let 𝑦 =
௨

௩
 where 𝑢 and 𝑣 are functions of 𝑥. If we increase 𝑥 by 𝛿𝑥 (𝛿𝑥 is a very small amount), then 𝑢 

and 𝑣 increase by 𝛿𝑢 and 𝛿𝑣 and so 𝑦 increases by 𝛿𝑦 
This means that 

𝑦 + 𝛿𝑦 =
𝑢 + 𝛿𝑢

𝑣 + 𝛿𝑣
 

But we know𝑦 =
௨

௩
, so subtracting that 

(𝑦 + 𝛿𝑦) − 𝑦 = ൬
𝑢 + 𝛿𝑢

𝑣 + 𝛿𝑣
൰ −

𝑢

𝑣
 

This can be expressed in the form 

𝛿𝑦 =
𝑣(𝑢 + 𝛿𝑢)

𝑣(𝑣 + 𝛿𝑣)
−

𝑢(𝑣 + 𝛿𝑣)

𝑣(𝑣 + 𝛿𝑣)
 

So 

𝛿𝑦 =
𝑢𝑣 + 𝑣𝛿𝑢 − 𝑢𝑣 − 𝑢𝛿𝑣

𝑣ଶ + 𝑣𝛿𝑣
 

Which can be simplified to  

𝛿𝑦 =
𝑣𝛿𝑢 − 𝑢𝛿𝑣

𝑣ଶ + 𝑣𝛿𝑣
 

‘Dividing’ by 𝛿𝑥 

 
1 The derivative is the expression we get as the result of differentiation 
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As 𝛿𝑥 → 0 and 𝛿𝑣 → 0 
and 
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See also 
- Product Rule 
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